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a b s t r a c t
For a connected graph G of order p ≥ 2, a set S ⊆ V (G) is a geodetic set of G if each vertex
v ∈ V (G) lies on an x–y geodesic for some elements x and y in S. The minimum cardinality
of a geodetic set of G is defined as the geodetic number of G, denoted by g(G). A geodetic
set of cardinality g(G) is called a g-set of G. A connected geodetic set of G is a geodetic set
S such that the subgraph G[S] induced by S is connected. The minimum cardinality of a
connected geodetic set of G is the connected geodetic number of G and is denoted by gc(G).
A connected geodetic set of cardinality gc(G) is called a gc-set of G. A connected geodetic
set S in a connected graph G is called a minimal connected geodetic set if no proper subset
of S is a connected geodetic set of G. The upper connected geodetic number g+c (G) is the
maximum cardinality of a minimal connected geodetic set of G. We determine bounds for
g+c (G) and determine the same for some special classes of graphs. For positive integers r, d
andn ≥ d+1with r ≤ d ≤ 2r , there exists a connected graphGwith radG = r , diamG = d
and g+c (G) = n. Also, for any positive integers 2 ≤ a < b ≤ c , there exists a connected
graph G such that g(G) = a, gc(G) = b and g+c (G) = c . A subset T of a gc-set S is called a
forcing subset for S if S is the unique gc-set containing T . A forcing subset for S of minimum
cardinality is a minimum forcing subset of S. The forcing connected geodetic number of S,
denoted by fc(S), is the cardinality of aminimum forcing subset of S. The forcing connected
geodetic number ofG, denoted by fc(G), is fc(G) = min{fc(S)}, where theminimum is taken
over all gc-sets S in G. It is shown that for every pair a, b of integers with 0 ≤ a ≤ b − 4,
there exists a connected graph G such that fc(G) = a and gc(G) = b.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
By a graph G = (V , E)wemean a finite undirected connected graph without loops or multiple edges. The order and size
of G are denoted by p and q respectively. For basic graph theoretic terminology we refer to Harary [6]. For vertices x and y
in a connected graph G, the distance d(x, y) is the length of a shortest x–y path in G. It is known that the distance is a metric
on the vertex set of G. An x–y path of length d(x, y) is called an x–y geodesic. A vertex v is said to lie on an x–y geodesic P if v
is a vertex of P including the vertices x and y. For any vertex u of G, the eccentricity of u is e(u) = max{d(u, v) : v ∈ V }. The
radius radG and diameter diamG are defined by radG = min{e(v) : v ∈ V } and diamG = max{e(v) : v ∈ V } respectively.
The neighborhood of a vertex v is the set N(v) consisting of all vertices uwhich are adjacent with v. A vertex v is an extreme
vertex of G if the subgraph induced by its neighbors is complete.
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The closed interval I[x, y] consists of all vertices lying on some x–y geodesic of G, while for S ⊆ V , I[S] = ⋃x,y∈S I[x, y].
A set S of vertices is a geodetic set if I[S] = V , and the minimum cardinality of a geodetic set is the geodetic number g(G). A
geodetic set of cardinality g(G) is called a g-set of G. The geodetic number of a graph was introduced in [1,4,7] and further
studied in [2,3]. It was shown in [7] that determining the geodetic number of a graph is an NP-hard problem. The forcing
geodetic number of a graph was introduced and studied in [5].
The connected geodetic number was studied by Santhakumaran, Titus and John in [9]. A connected geodetic set of G is a
geodetic set S such that the subgraph G[S] induced by S is connected. The minimum cardinality of a connected geodetic set
of G is the connected geodetic number of G and is denoted by gc(G). A connected geodetic set of cardinality gc(G) is called a gc-
set of G. These concepts have many applications in location theory and convexity theory. There are interesting applications
of these concepts to the problem of designing the route for a shuttle and communication network design.
Consider the graphG of Fig. 1.1. For the vertices u and y inG, d(u, y) = 3 and every vertex ofG lies on an u–y geodesic inG.
Thus S = {u, y} is the unique minimum geodetic set of G and so g(G) = 2. Here the induced subgraph G[S] is not connected
so that S is not a connected geodetic set of G. Now it is clear that T = {u, v, x, y} is a minimum connected geodetic set of
G and so gc(G) = 4. It is proved in [9] that for a connected graph G of order p ≥ 2, gc(G) = 2 if and only if G = K2, and
gc(G) = p if and only if every vertex of G is either a cut vertex or an extreme vertex. Further, several interesting results and
realization theorems were proved in [9].
The following theorems will be used in the sequel.
Theorem 1.1 ([3]). Every extreme vertex of a connected graph G belongs to every geodetic set of G.
Theorem 1.2 ([7]). For any tree T with k end vertices, g(T ) = k.
Theorem 1.3 ([9]). For any connected graph G, gc(G) ≥ diamG+ 1.
Theorem 1.4 ([9]). Every cut vertex of a connected graph G belongs to every connected geodetic set of G.
Theorem 1.5 ([9]). For any tree T with p vertices, gc(T ) = p.
Throughout the following G denotes a connected graph with at least two vertices.
2. Minimal connected geodetic sets in a graph
Definition 2.1. A connected geodetic set S in a connected graph G is called a minimal connected geodetic set if no proper
subset of S is a connected geodetic set of G. The upper connected geodetic number g+c (G) is the maximum cardinality of a
minimal connected geodetic set of G.
Example 2.2. For the graph G given in Fig. 2.1, S1 = {v2, v4, v5, v6}, S2 = {v1, v2, v4, v5}, S3 = {v1, v2, v4, v6}, S4 =
{v2, v3, v4, v5} and S5 = {v2, v3, v4, v6} are the minimum connected geodetic sets of G so that gc(G) = 4. The set
S ′ = {v1, v3, v4, v5, v6} is also a connected geodetic set of G and it is clear that no proper subset of S ′ is a connected geodetic
set of G so that S ′ is a minimal connected geodetic set of G. Hence g+c (G) = 5.
Remark 2.3. Every minimum connected geodetic set of G is a minimal connected geodetic set of G. The converse is not
true. For the graph G given in Fig. 2.1, S ′ = {v1, v3, v4, v5, v6} is a minimal connected geodetic set and it is not a minimum
connected geodetic set of G.
Theorem 2.4. Every extreme vertex of a connected graph G belongs to every minimal connected geodetic set of G.
Proof. Since every minimal connected geodetic set is a geodetic set, the result follows from Theorem 1.1. 
Theorem 2.5. Every cut vertex of a connected graph G belongs to every minimal connected geodetic set of G.
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Proof. Let v be any cut vertex of G and let G1,G2, . . . ,Gr (r ≥ 2) be the components of G − {v}. Let S be any minimal
connected geodetic set of G. First we claim that S contains at least one element from each component Gi (1 ≤ i ≤ r).
Suppose that the component G1 contains no vertex of S. Let u ∈ V (G1). Since S is a minimal connected geodetic set, there
exists a pair of vertices x and y in S such that u lies in some x–y geodesic P : x = u0, u1, . . . , u, . . . , un = y in G. Since v
is a cut vertex of G, the x–u subpath of P and the u–y subpath of P both contain v, it follows that P is not a path, which is a
contradiction. Thus S contains at least one element from each component Gi (1 ≤ i ≤ r). Since G[S] is connected, it follows
that v ∈ S. 
Corollary 2.6. For a connected graph G with k extreme vertices and l cut vertices, g+c (G) ≥ max{2, k+ l}.
Proof. This follows from Theorems 2.4 and 2.5. 
Corollary 2.7. For the complete graph Kp, g+c (Kp) = p.
Proof. This follows from Theorem 2.4. 
Corollary 2.8. For any tree T , g+c (T ) = p.
Proof. This follows from Corollary 2.6. 
Theorem 2.9. For the complete bipartite graph G = Km,n,
(i) g+c (G) = 2 if m = n = 1
(ii) g+c (G) = n+ 1 if m = 1, n ≥ 2
(iii) g+c (G) = max{m, n} + 1 if m, n ≥ 2.
Proof. (i) and (ii) follow from Corollary 2.8.
(iii) Without loss of generality, let m ≤ n. Let X = {x1, x2, . . . , xm}, Y = {y1, y2, . . . , yn} be a bipartition of G. Let
S = Y ∪ {x}, where x ∈ X . We prove that S is a minimal connected geodetic set of G. It is clear that each vertex of X lies on a
geodesic joining a pair of vertices of Y . Also, since G[S] is connected, S is a connected geodetic set of G. Let S ′ ( S. If x 6∈ S ′,
then S ′ is not a connected geodetic set of G. If x ∈ S ′, then since |S ′| < |S|, there exists at least one yi ∈ S such that yi 6∈ S ′ for
some i(1 ≤ i ≤ n). It is clear that yi does not lie on any geodesic joining any pair of vertices of S ′. Thus S ′ is not a geodetic
set of G and so S is a minimal connected geodetic set of G. Hence g+c (G) ≥ n+ 1.
LetW be any connected geodetic set of G such that |W | ≥ n+ 2. Sincem ≤ n,W contains at least two elements from X ,
say xi and xj and at least two elements from Y , say yk and yl. It is clear thatW ′ = {xi, xj, yk, yl} is a connected geodetic set of
G and soW is not a minimal connected geodetic set of G. Thus g+c (G) = n+ 1. 
Theorem 2.10. For the cycle Cp, g+c (Cp) =
{ p
2
+ 1 if p is even⌊ p
2
⌋
+ 2 if p is odd.
Proof. Case 1. Suppose that p is even. Let p = 2n. Let C2n : v1, v2, v3, . . . , v2n, v1 be the cycle of order 2n. Let S =
{v1, v2, v3, . . . , vn+1}. It is clear that S is a connected geodetic set of Cp. We prove that S is a minimal connected geodetic
set of Cp. Let S ′ ( S. Then there is a vertex, say x ∈ S such that x 6∈ S ′. If x = v1 or vn+1, then S ′ is not a geodetic set of Cp. If
x 6= v1, vn+1, then the subgraph induced by S ′ is not connected. Hence it follows that S is a minimal connected geodetic set
of Cp and so g+c (G) ≥ |S| = n+ 1.
Now, we claim that g+c (G) = n+ 1. Otherwise, there is a minimal connected geodetic setW such that |W | = m > n+ 1.
Since W is a connected geodetic set of Cp, the subgraph induced by W is a path, say vi+1, vi+2, . . . , vi+m. It is clear that
T = {vi+1, vi+2, . . . , vi+n+1} is a connected geodetic set of Cp and soW is not a minimal connected geodetic set of Cp, which
is a contradiction. Thus g+c (Cp) = n+ 1.
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Case 2. Suppose that p is odd. Let p = 2n + 1. Let C2n+1 : v1, v2, v3, . . ., v2n+1, v1 be the cycle of order 2n + 1.
Let S = {v1, v2, v3, . . . , vn+1, vn+2}. Then, as in case 1 it is seen that S is a minimal connected geodetic set of Cp and
g+c (Cp) = n+ 2. 
Theorem 2.11. For a connected graph G, 2 ≤ gc(G) ≤ g+c (G) ≤ p.
Proof. Any connected geodetic set needs at least two vertices and so gc(G) ≥ 2. Since every minimum connected geodetic
set is a minimal connected geodetic set, gc(G) ≤ g+c (G). Also, since V (G) induces a connected geodetic set of G, it is clear
that g+c (G) ≤ p. Thus 2 ≤ gc(G) ≤ g+c (G) ≤ p. 
Remark 2.12. For the graph K2, gc(K2) = 2. For any non-trivial tree T of order p, g+c (T ) = p. Also, all the inequalities in
Theorem 2.11 are strict. For the graph G given in Fig. 2.1, gc(G) = 4, g+c (G) = 5 and p = 6 so that 2 < gc(G) < g+c (G) < p.
Theorem 2.13. For a connected graph G, gc(G) = p if and only if g+c (G) = p.
Proof. Let g+c (G) = p. Then S = V (G) is the unique minimal connected geodetic set of G. Since no proper subset of S is a
connected geodetic set, it is clear that S is the unique minimum connected geodetic set of G so that gc(G) = p. The converse
follows from Theorem 2.11. 
Theorem 2.14. For a connected graph G, g+c (G) ≥ 1+ diamG.
Proof. This follows from Theorems 1.3 and 2.11. 
For every connected graph G, radG ≤ diamG ≤ 2 radG. Ostrand [8] showed that every two positive integers a and b
with a ≤ b ≤ 2a are realizable as the radius and diameter, respectively, of some connected graph. Ostrand’s theorem can
be extended so that the upper connected geodetic number can be prescribed.
Theorem 2.15. For positive integers r, d and n ≥ d + 1 with r ≤ d ≤ 2r, there exists a connected graph G with radG = r,
diamG = d and g+c (G) = n.
Proof. If r = 1, then d = 1 or 2. If d = 1, let G = Kn. Then by Corollary 2.7, g+c (G) = n. If d = 2, let G = K1,n−1. Then by
Corollary 2.8, g+c (G) = n. Now, let r ≥ 2. We construct a graph Gwith the desired properties as follows:
Case a. Suppose r = d. For n = d+ 1, let G = C2r . Then it is clear that r = d and by Theorem 2.10, g+c (G) = d+ 1 = n. Now,
let n ≥ d + 2. Let Kn−r+1 be the complete graph with V (Kn−r+1) = {x1, x2, . . . , xn−r+1} and let C2r be the even cycle with
V (C2r) = {u1, u2, . . . , u2r}. Let G be the graph obtained from Kn−r+1 and C2r by identifying the edge x1x2 in Kn−r+1 with u1u2
in C2r . The graph G is shown in Fig. 2.2.
It is easily verified that the eccentricity of each vertex of G is r so that radG = diamG = r . Let S = {x3, x4, . . . , xn−r+1}.
Then S is the set of all extreme vertices of G with |S| = n − r − 1. It is clear that S is not a connected geodetic set of G. Let
T = S ∪ {u1, u2, u3, . . . , ur+1}. It is clear that T is a connected geodetic set of G. We claim that T is a minimal connected
geodetic set of G. Assume, to the contrary, that T is not a minimal connected geodetic set of G. Then there is a proper subset
M of T such thatM is a connected geodetic set of G. Furthermore, it follows from Theorem 1.1 that every vertex which lies
on T but not onM can only be ui for some i.
Case a1. If (T −M)∩{u1, ur+1} 6= ∅, then suppose, without loss of generality, that u1 ∈ T −M . Then it is clear that ur+2 does
not lie on any geodesic joining a pair of vertices ofM , and soM is not a connected geodetic set of G, which is a contradiction.
Case a2. If (T−M)∩{u1, ur+1} = ∅, then there exists a vertex x ∈ (T−M)∩{u2, u3, . . . , ur} and thus the subgraph induced
byM is not connected and soM is not a connected geodetic set of G, which is a contradiction. Thus T is a minimal connected
geodetic set of G and so g+c (G) ≥ |T | = n.
Now, we prove that g+c (G) = n. Suppose that g+c (G) > n. Let M be a minimal connected geodetic set of G with|M| = m > n. By Theorem 2.4,M contains S and sincem > n,M contains at least r+2 vertices of C2r . SinceM is a connected
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geodetic set of G, u1 or u2 must belong to M and the subgraph induced by M − S is a path, say u2, u3, . . . , um−n+r+2. It is
clear that T = S ∪ {u2, u3, . . . , ur+2} is a connected geodetic set of G and soM is not a minimal connected geodetic set of G.
Thus g+c (G) = n.
Case b. Suppose r < d ≤ 2r . Let C2r : v1, v2, . . . , v2r , v1 be a cycle of order 2r and let Pd−r+1 : u0, u1, . . . , ud−r be a path
of order d − r + 1. Let H be a graph obtained from C2r and Pd−r+1 by identifying v1 in C2r and u0 in Pd−r+1. Now, we add
n− d− 1 new verticesw1, w2, . . . , wn−d−1 to the graph H and join each vertexwi(1 ≤ i ≤ n− d− 1) to the vertex ud−r−1
and obtain the graph G of Fig. 2.3.
Then radG = r and diamG = d. Let S = {v1, u1, u2, . . . , ud−r , w1, w2, . . ., wn−d−1} be the set of all cut vertices and
extreme vertices of G. By Theorems 2.4 and 2.5, every connected geodetic set of G contains S. It is clear that S is not a
connected geodetic set of G. Let T = S ∪ {v2, v3, . . . , vr+1}. It is clear that T is a connected geodetic set of G. By an argument
similar to that given in the proof of case a of this theorem, it can be proved that g+c (G) = n. 
Since any connected geodetic set is also a geodetic set it follows that g(G) ≤ gc(G) and so by Theorem 2.11, we have
2 ≤ g(G) ≤ gc(G) ≤ g+c (G). Now we have the following realization theorem.
Theorem 2.16. For any positive integers 2 ≤ a < b ≤ c, there exists a connected graph G such that g(G) = a, gc(G) = b and
g+c (G) = c.
Proof. If 2 ≤ a < b = c , let G be any tree of order b with a end vertices. Then by Theorem 1.2, g(G) = a, by Theorem 1.5,
gc(G) = b and by Corollary 2.8, g+c (G) = b. Let 2 ≤ a < b < c . Now, we consider four cases.
Case 1. Let a > 2 and b − a ≥ 2. Then b − a + 2 ≥ 4. Let Pb−a+2 : v1, v2, . . . , vb−a+2 be a path of length b − a + 1. Add
c − b + a − 1 new vertices w1, w2, . . . , wc−b+1, u1, u2, . . . , ua−2 to Pb−a+2 and join w1, w2, . . . , wc−b+1 to both v1 and v3
and also join u1, u2, . . . , ua−2 to v2, there by producing the graph G of Fig. 2.4(a).
Let S = {u1, u2, . . . , ua−2, vb−a+2} be the set of all extreme vertices of G. By Theorem 1.1, every geodetic set of G contains
S. It is clear that S is not a geodetic set ofG. But S∪{v1} is a geodetic set ofG so that g(G) = a. Let S1 = S∪{v2, v3, . . . , vb−a+1}.
By Theorems 1.1 and 1.4, every connected geodetic set contains S1. It is clear that S1 is not a connected geodetic set of G. But
S1 ∪ {v1} is a connected geodetic set of G so that gc(G) = b.
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Let S2 = S1 ∪ {w1, w2, . . . , wc−b+1}. It is clear that S2 is a connected geodetic set of G. Now, we show that S2 is a minimal
connected geodetic set of G. Assume, to the contrary, that S2 is not a minimal connected geodetic set. Then there is a proper
subset T of S2 such that T is a connected geodetic set of G. Let v ∈ S2 and v 6∈ T . By Theorems 1.1 and 1.4, it is clear that
v = wi, for some i = 1, 2, . . . , c − b + 1. Clearly, this wi does not lie on a geodesic joining any pair of vertices of T and
so T is not a connected geodetic set of G, which is a contradiction. Thus S2 is a minimal connected geodetic set of G and so
g+c (G) ≥ c. Since the order of the graph is c + 1, it follows that g+c (G) = c .
Case 2. Let a > 2 and b − a = 1. Since c > b, we have c − b + 1 ≥ 2. Consider the graph G given in Fig. 2.4(b). Then as in
Case 1, S = {u1, u2, . . . , ua−2, v1, v3} is a minimum geodetic set, S1 = S ∪ {v2} is a minimum connected geodetic set and
S2 = V (G)− {v1} is a minimal connected geodetic set of G so that g(G) = a, gc(G) = b and g+c (G) = c.
Case 3. Let a = 2 and b − a = 1. Then b = 3. Consider the graph G given in Fig. 2.4(c). Then, as in case 1, S = {v1, v3} is a
minimum geodetic set, S1 = {v1, v2, v3} is a minimum connected geodetic set and S2 = V (G)−{v1} is a minimal connected
geodetic set of G so that g(G) = a, gc(G) = b and g+c (G) = c .
Case 4. Let a = 2 and b − a ≥ 2. Then b ≥ 4. Consider the graph G given in Fig. 2.4(d). Then, as in case 1, S = {v1, vb} is a
minimumgeodetic set, S1 = {v1, v2, . . . , vb} is aminimum connected geodetic set, S2 = V (G)−{v1} is aminimal connected
geodetic set of G so that g(G) = a, gc(G) = b and g+c (G) = c . 
3. Forcing subsets in connected geodetic sets of a graph
Even though every connected graph contains a minimum connected geodetic set, some connected graphs may contain
several minimum connected geodetic sets. For each minimum connected geodetic set S in a connected graph G, there is
always some subset T of S that uniquely determines S as the minimum connected geodetic set containing T . Such ‘‘forcing
subsets’’ will be considered in this section.
Definition 3.1. Let G be a connected graph and S a minimum connected geodetic set of G. A subset T ⊆ S is called a forcing
subset for S if S is the unique minimum connected geodetic set containing T . A forcing subset for S of minimum cardinality
is a minimum forcing subset of S. The forcing connected geodetic number of S, denoted by fc(S), is the cardinality of a
A.P. Santhakumaran et al. / Discrete Applied Mathematics 157 (2009) 1571–1580 1577
Fig. 2.4(d).
Fig. 3.1.
minimum forcing subset of S. The forcing connected geodetic number of G, denoted by fc(G), is fc(G) = min{fc(S)}, where
the minimum is taken over all minimum connected geodetic sets S in G.
Example 3.2. For the graph G given in Fig. 3.1, S1 = {v1, v2, v4}, S2 = {v1, v3, v5}, S3 = {v2, v3, v4}, S4 = {v2, v4, v5},
S5 = {v2, v3, v5} and S6 = {v3, v4, v5} are the only minimum connected geodetic sets of G so that fc(S1) = fc(S2) = 2 and
fc(S3) = fc(S4) = fc(S5) = fc(S6) = 3. Thus fc(G) = 2.
The following result follows immediately from definitions of the connected geodetic number, and the forcing connected
geodetic number of a connected graph G.
Theorem 3.3. For any connected graph G, 0 ≤ fc(G) ≤ gc(G) ≤ p.
Remark 3.4. For any non-trivial tree T , by Theorems 1.1 and 1.4, the set of all vertices is the unique gc-set ofG. It follows that
fc(T ) = 0 and gc(T ) = p. For the cycle C4 : u1, u2, u3, u4, u1 of order 4, S1 = {u1, u2, u3}, S2 = {u2, u3, u4}, S3 = {u3, u4, u1}
and S4 = {u4, u1, u2} are the gc-sets of C4 so that gc(C4) = 3. Also, it is easily seen that fc(C4) = 3. Thus fc(C4) = gc(C4).
Also, the inequalities in Theorem 3.3 can be strict. For the graph G given in Fig. 3.1, fc(G) = 2, gc(G) = 3 and p = 5 as in
Example 3.2. Thus 0 < fc(G) < gc(G) < p.
In the following theorem, we characterize graphs G for which the bounds in Theorem 3.3 are attained, and also graphs
for which fc(G) = 1.
Theorem 3.5. Let G be a connected graph. Then
(i) fc(G) = 0 if and only if G has a unique minimum connected geodetic set.
(ii) fc(G) = 1 if and only if G has at least two minimum connected geodetic sets, one of which is a unique minimum connected
geodetic set containing one of its elements,
(iii) fc(G) = gc(G) if and only if nominimumconnected geodetic set of G is the uniqueminimumconnected geodetic set containing
any of its proper subsets.
Proof. (i) Let fc(G) = 0. Then, by definition, fc(S) = 0 for someminimum connected geodetic set S of G so that the empty set
∅ is the minimum forcing subset for S. Since the empty set ∅ is a subset of every set, it follows that S is the unique minimum
connected geodetic set of G. The converse is clear.
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(ii) Let fc(G) = 1. Then by (i), G has at least two minimum connected geodetic sets. Also, since fc(G) = 1, there is a
singleton subset T of a minimum connected geodetic set S of G such that T is not a subset of any other minimum connected
geodetic set of G. Thus S is the uniqueminimum connected geodetic set containing one of its elements. The converse is clear.
(iii) Let fc(G) = gc(G). Then fc(S) = gc(G) for every minimum connected geodetic set S in G. Also, by Theorem 2.11,
gc(G) ≥ 2 and hence fc(G) ≥ 2. Then by (i), G has at least two minimum connected geodetic sets, and so the empty set ∅
is not a forcing subset for any minimum connected geodetic set of G. Since fc(G) = gc(G), no proper subset of S is a forcing
subset of S. Thus no minimum connected geodetic set of G is the unique minimum connected geodetic set containing any
of its proper subsets.
Conversely, the data implies that G contains more than one minimum connected geodetic set, and no subset of any
minimum connected geodetic set S other than S is a forcing subset for S. Hence it follows that fc(G) = gc(G). 
Definition 3.6. Avertex v of a connected graphG is said to be a connected geodetic vertex ofG if v belongs to everyminimum
connected geodetic set of G.
Example 3.7. For the graph G given in Fig. 1.1, S1 = {u, v, x, y}, S2 = {u, v, w, y} and S3 = {u, v, x, w} are the minimum
connected geodetic sets of G. It is clear that u and v are the connected geodetic vertices of G.
Theorem 3.8. Let G be a connected graph and let F be the set of relative complements of the minimum forcing subsets in their
respective minimum connected geodetic sets in G. Then
⋂
F∈F F is the set of connected geodetic vertices of G.
Proof. Let W be the set of all connected geodetic vertices of G. We are to show that W = ⋂F∈F F . Let v ∈ W . Then v is
the connected geodetic vertex of G so that v belongs to every minimum connected geodetic set S of G. Let T ⊆ S be any
minimum forcing subset for any minimum connected geodetic set S of G. We claim that v 6∈ T . If v ∈ T , then T ′ = T − {v}
is a proper subset of T such that S is the unique minimum connected geodetic set containing T ′ so that T ′ is a forcing subset
for S with |T ′| < |T |, which is a contradiction to T a minimum forcing subset for S. Thus v 6∈ T and so v ∈ F , where F is the
relative complement of T in S. Hence v ∈⋂F∈F F so thatW ⊆⋂F∈F F .
Conversely, let v ∈ ⋂F∈F F . Then v belongs to the relative complement of T in S for every T and every S such that
T ⊆ S, where T is a minimum forcing subset for S. Since F is the relative complement of T in S, we have F ⊆ S and thus
v ∈ S for every S, which implies that v is a connected geodetic vertex of G. Thus v ∈ W and so⋂F∈F F ⊆ W . HenceW =⋂
F∈F F . 
Corollary 3.9. Let G be a connected graph and S a minimum connected geodetic set of G. Then no connected geodetic vertex of
G belongs to any minimum forcing set of S.
Proof. The proof is contained in the proof of the first part of Theorem 3.8. 
Theorem 3.10. Let G be a connected graph and W be the set of all connected geodetic vertices of G. Then fc(G) ≤ gc(G)− |W |.
Proof. Let S be anyminimum connected geodetic set ofG. Then gc(G) = |S|,W ⊆ S and S is the uniqueminimum connected
geodetic set containing S −W . Thus fc(G) ≤ |S −W | = |S| − |W | = gc(G)− |W |. 
Corollary 3.11. If G is a connected graph with k extreme vertices and l cut vertices, then fc(G) ≤ gc(G)− (k+ l).
Proof. This follows from Theorems 1.1, 1.4 and 3.10. 
Remark 3.12. The bound in Theorem 3.10 is sharp. For the graph G given in Fig. 1.1, S1 = {u, v, x, y}, S2 = {u, v, w, y} and
S3 = {u, v, x, w} are the gc-sets of G so that gc(G) = 4. Also, it is easily seen that fc(G) = 2 and W = {u, v} is the set of
connected geodetic vertices of G. Thus fc(G) = gc(G)− |W |.
Theorem 3.13. For every pair a, b of integers with 0 ≤ a ≤ b − 4, there exists a connected graph G such that fc(G) = a and
gc(G) = b.
Proof. We consider three cases.
Case 1. Suppose a = 0. Let G = Kb. Then by Theorem 1.1, gc(G) = b and by Theorem 3.5(i), fc(G) = 0.
Case 2. Suppose a = 1. Then b ≥ 5. Let C4 : v1, v2, v3, v4, v1 be a cycle of order 4. Let G be the graph obtained by adding
b− 3 new vertices u1, u2, . . . , ub−3 to C4 and joining each ui(1 ≤ i ≤ b− 3) to the vertex v1 in C4 and also adding the edge
v2v4. The graph G is shown in Fig. 3.2.
Let U = {u1, u2, . . . , ub−3} be the set of all extreme vertices of G. Then G contains exactly two gc-sets, namely
S1 = U ∪ {v1, v2, v3} and S2 = U ∪ {v1, v4, v3}. Thus gc(G) = |U| + 3 = b. Since S1 is the unique gc-set containing
v2, it follows from Theorem 3.5(ii) that fc(G) = 1.
Case 3. Suppose a ≥ 2. Let P4 : x1, x2, x3, x4 be a path of length 3. For each integer i with 1 ≤ i ≤ a, let Fi : ui, vi be the
path of order 2. Let G be the graph obtained from the graphs P4 and Fi(1 ≤ i ≤ a) by adding the 2a edges x2vj and x3uj for
1 ≤ j ≤ a and also adding b− a− 4 pendent edges x2zl for 1 ≤ l ≤ b− a− 4. The graph G is shown in Fig. 3.3.
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Fig. 3.2.
Fig. 3.3.
Now, we prove that gc(G) = b. Let S = {x1, x4, z1, z2, . . . , zb−a−4} be the set of all extreme vertices of G. Then by
Theorem 1.1, every connected geodetic set of G contains S. Since x1 and x4 belong to every connected geodetic set of G,
it is clear that x2 and x3 also belong to every connected geodetic set of G. Also it is clear that S ∪ {x2, x3} is not a connected
geodetic set of G. Now, we claim that every connected geodetic set contains at least one element from each Fi (1 ≤ i ≤ a).
Suppose that there is a connected geodetic set, say S1 such that no vertex of Fi belong to S1 for some i. Then it is clear
that both ui and vi do not lie on any geodesic joining a pair of vertices of S1 and so S1 is not a geodetic set of G, which is a
contradiction. Thus every connected geodetic set of G contains S∪{x2, x3} and at least one element from each Fi (1 ≤ i ≤ a).
Let T = S ∪ {x2, x3, u1, u2, . . . , ua}. Then it is clear that T is a minimum connected geodetic set of G and so gc(G) = |T | = b.
Hence, it also follows that every minimum connected geodetic set of G contains S ∪ {x2, x3} and exactly one element from
each Fi (1 ≤ i ≤ a).
Next, we show that fc(G) = a. Since every minimum connected geodetic set contains S ∪ {x2, x3}, it follows from
Theorem 3.10, that fc(G) ≤ gc(G) − |S ∪ {x2, x3}| = a. Moreover, a set T is a minimum connected geodetic set if and
only if T is of the form S ∪ {x2, x3, y1, y2, . . . , ya}, where yi is any vertex in Fi for 1 ≤ i ≤ a. If fc(G) < a, let T1 be a subset
of T with |T1| < a. Then there is a vertex yj (1 ≤ j ≤ a) such that yj 6∈ T1. Let wj be a vertex of Fj different from yj. Then
T ′ = (T − {yj})∪ {wj} is a minimum connected geodetic set different from T such that T ′ contains T1. Thus fc(T ) ≥ a. Since
this is true for all minimum connected geodetic sets of G, it follows that fc(G) ≥ a and so fc(G) = a. 
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